UNIT - 11

PART A : KANI'S METHOD OF ANALYSIS

This method was developed by Dr. Gasper Kani ot Germany in 1947. This method offers an
iterative scheme for applying slope deflection method. We shall now see the application of

Kani’s method for different cases.

BEAMS WITH NO TRANSLATION OF JOINTS:
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Let AB represent a beam n a frame, or a continuous structure under transverse
loading, as show 1n fig. 1 (a) let the Mag & Mgpa be the end moment at ends A & B

respectively.
Sign convention used will be: clockwise moment +ve and anticlockwise moment —ve.

The end moments in member AB may be thought of as moments developed due
to a superposition of the following three components of deformation.




Thus the final moment Mg & Mpa can be expressed as super position of three

moments

Map = Mgap + 2M , + M,
Mga = Mgpa + 2M‘B,\ + M

AB

For member AB we refer end ‘A’ as near end and end ‘B’ as far end. Similarly

when we refer to moment Mga, B 1s referred as near end and end A as far end.

L,

!Q

The member ‘AB’ i1s regarded as completely fixed. (Fig. 1 b). The fixed end
moments for this condition are written as Mgag & Mgga, at ends A & B respectively.

The end A only is rotated through an angle 84 by a moment 2M,, inducing a
moment M, at fixed end B.
Next rotating the end B only through an angle Oy by moment 2M,, while keeping

end ‘A’ as fixed. This induces a moment M, atend A.

Hence above equations can be stated as follows. The moment at the near end of a

member 1s the algebraic sum of (a) fixed end moment at near end. (b) Twice the rotation
moment of the near end (c¢) rotation moment of the far end.

Rotation factors:

Fig. 2 shows a multistoried frame.
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Consider various members meeting at joint A. If no translations of joints occur,

applying equation (1), for the end moments at A for the various members meeting at A
are given by:




Mag =Mgas+ 2M ; + My,
Mac= Mgac + 2M‘,\(’ + M(%
Map = Mgap +2M , + My,
Mae = Mpag + 2M ; + Mg,
For equilibrium of joint A, ZMy =0
081 [P e K IV 0 R T —— ()
where |,
2Mprap =Algebraic sum of fixed end moments at A of all members meeting at A.

~M,, = Algebraic sum of rotation moments at A of all member meeting at A.

Y M,, = Algebraic sum of rotation moments of far ends of the members meeting at A.
from equation (2)

; | i ,
IMp=- DM+ M| oo (3)
We know that 2M ,, = 4LE—I*BGA = 4EKap 04
AB

| . :
Where K g = —22- | relative stiffness of member AB

AB
M.;\B =2E K/\B GA ................ (4)
bl M"\B =2EOA ZKAB oo, (5) (Atrigid joint A all the members undergo same

rotation 64 )

Dividing Equation (4)/(5) gives

M.,s _ K
IM,; IK,,
K.
3 -
Substituting value of ZM ,,; from (3) in (5)

M = (—lj B [ZMP.w+ZMﬁ,x]

M = SMyp e, (5)

13K,
=Usp [EMpp +ZMy, |, (6)
1

AB

where Uap = . is called as rotation factor for member AB at joint A.

= AB




Analysis Method:

In equation (6) XMgag is a known quantity. To start with the far end rotation
moments My, are not known and hence they may be taken as zero. By a similar

approximation the rotation moments at other joints are also determined. With the
approximate values of rotation moments computed, it is possible to again determine a
more correct value of the rotation moment at A from member AB using equation (6).

The process is carried out for sufficient number of cycles until the desired degree

of accuracy is achieved.

The final end moments are calculated using equation (1).
EXAMPLES:

Ex.1:

Analyze the continuous beam shown in fig.
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Solution:
a) Fixed end moments:
- 2.5 - ,
Mpap= b(3l£2 l)MO = (3X3] 4)><24= 1.88 kNm
5(3x2.5—
Mppa = aBIb: ) M, i (3:'3" 4) 24 = 7.88 KNm
M 32
M}:‘B( = To = Tz 8 kNm
Mgcp = M, =8 kNm
4
2
Micp =~ = 16 N
36x1% x




b) Modification in fixed end moments:

Actually end ‘D’ is a simply supported. Hence moment at D should be zero. To
make moment at D as zero apply —8 kNm at D and perform the corresponding carry over

to CD.

Modified MF[)(' =8—-8=0

TR NN, X % (-8) = —20 KNm

Now joint D will not enter the iteration process.

¢) Rotation Factors:

. Rotation Factor
: ; elative 1 K
Joint Member stifFuiess [K) YK U= - =X ZK
B BA [/4=0.25] 051 -0.25
BC I/4 = 0.251 -0.25
C CB I/4 = 0.251 —0.25
Lo 2 081 0.51 025
4 3
d) Sum of fixed end moments at joints:
XM =7.88 +8=15.88 kNm
IMpc =8 —20 =—12kNm
B c
//
8 -20  04p
L£8 TR 1588 4. 2.8 zaz|o T -0 3.9¢
eyl 1 -34% ~4.9¢ o 4.24
U1x’.lEZ ~-4.36 D6 &.2¢
eyele 3 -S03% —?-Zh» ::‘Gr' 4.26
-S04

Cytle 4




e) Iteration process

[teration 1
started at B
assuming M,
=0 & taking
M':\B =

M

Dc

0.

[teration 2

[teration 3

—0.25 x (15.88 +
0+0)=-3.97

—0.25 x (15.88 +
D+=397)=—
4.96

—0.25 (15.88 +0

0.25 x (15.88 + 0
+0)=-3.97

—-0.25 x (15.88 +

o

+3197)==4.96

—0.25 (15.88 + 0 +

—0.25 x (-12-3.97

+0)=3.97

—0.25 x (-12 -4.96
+0)=4.24

—0.25 x (-12

Joint B C
Rotation ‘ : M. | M,

o s Mg, | Mge - .
Contribution )
Rotation factor —0.251 -0.25 025 -0.25

—0.25 x (-12 3.97 +

0)=3.97

~025(-12-4.96 +
0)
=424

-025(=12-5.03 +

=5.03+0)=4.26 | 0)
+4.24)=-5.03 | 4.24)=-35.03
=4.26
[teration 4 —0.25 x (-12 1 -0.25 (-12 -5.03 +
—0.25(15.88 +0 | —0.25(15.88 + 0 +
: , =5.03+0)=4.26 | 0)
+4.26) =-5.04 | 426)=-5.04
=4.26

Iteration process has been stopped after 4" cyele since rotation contribution values are
becoming almost constant. Values of fixed end moments, sum of fixed end moments,
rotation factors along with rotation contribution values after end of each cycle in
appropriate places has been shown in fig. 4 (b).

Final moments
Member | gpn My (KNm) M, (KNm) M, (kNm) | (=M, +2M, + M)
@i : : g
(kKNm)
AB 1.88 0 -5.04 -3.16
BA 7.88 2 (-5.04)=10.08 0 2.2
BC 8 2 (-504) =-10.08 4.26 +2.2
CB 8 2x4.26=8.52 -5.04 11.48
CD -20 2x426=8.52 0 -11.48




BMD is shown below:
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Ex.2:

Analyze the continuous beam shown in fig.
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Solution:

a) Fixed end moments:

Mg e . G BN
Mzpa =+ 6.67 kNm

N
Migc = 1’; = —3.75kNm

MFC‘B =+ 3.75 kNm
Mmp= -25x2=-5kNm




b) Modification in fixed end moments:

Since Mcp = — 5 kNm:; M¢eg = + 5kNm, for this add 1.25 kKNm to Mgeg and do the
corresponding carry over to Mgpe

.. Now Mg =5 kNm
Modified Mgge =—-3.75 + % (1.25)=-3.13 kNm
Now joint C will not enter in the iteration process.

¢) Rotation factors:

) ) Rotation Factor
Jt. N s Relative stiffness YK o 1K
(K) x
2" YK
B BA [/4 =0.251 -0.2
BC 3 5 0.6251 03
3,150 o371 =
4 3
% CB 1.518 =631 —0.5
CD 0 0.51 0

d) Sum of fixed end moments at joints:
2Mrmp =6.67 -3.13 =3.54 kNm

e) lteration Process

Joint B

Rotation Contribution M}, (KNm) M. (kNm)

Rotation factor —-02]-03

Iteration 1 started at B

taking M ;;=0 —02x(3.54+0+0)==0.71]-0.3x(3.54+0+0)=—-1.06
& M=0




Since ‘B’ is the only joint needing rotation correction, the iteration process will
stop after first iteration. Value of FEMs, sum of FEM at joint, rotation factors along with
rotation contribution values in appropriate places 1s shown in fig. 5 (b)
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() Final moments:

Final moments
M‘;‘:J?;’“ FEM Mg, (kKNm) M, (KNm) M., (kNm) | (= M, +2M; +M};)
(kKNm)

AB oy 0 ~0.71 —7.38

BA 6.67 2% (0.71) = 0 525

BC 313 2 % (—1.06) 0 525

CB 3

CD : = : =5

DC 0

FBD of each span along with reaction values which have been calculated from statics are
shown below:

7.36 kNm /'5"\'/“" .25 KNm
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BMD and SFD are shown below
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Ex.2:

In a continuous beam shown in fig. The support ‘B’ sinks by 10mm. Determine the moments by
Kani’s method & draw BMD.
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TakeI=12x 10 mm®* & E =2 x 10° N/mm?

Solution:

(a) Calculation of FEM:
20x6° B 6x2x10° x1.2x107" x10" x10

12 (6000)* x10°

Mrag =—

=—60 —40
=-100 kNm




Mppa = +60 —40= 20 kNm
50x3x2° P 6% 2x10° x1.2x107* x10" x10

Mrpe = - 3 :
. F (5000) x 10°
=24 +57.6
=33.6 KNm
_50x37x2  6x2x10° x1.2x107*x10" x10
Mgcg =+ — ——
- (5000)" x10°
=36+5756

=93.6 kKNm
C & D are at same level

20x 42
* e 26.67 kNm

S MEcp T —
Mgepe=+ 26.67 kNm

b) Modification in fixed end moments:

Since end ‘D’ is a simply supported, moment at ‘D’ is zero. To make moment at
D as zero apply a moment of — 26.67 kNm at end D and perform the corresponding carry

over to CD.

.. Modified Mgpe =+ 26.67 -26.67=0

Moified Mip —— 2667+ % (=26.67)
=—40 kNm

Other FEMs will be same as calculated earlier. Now joint ‘D’ will not enter the iteration

process.

¢) Rotation factors:

) . Rotation Factor
Joint Member REltye fatin 2K U= - X K
&) 27K

B BA 1/6=0.171 -0.23
0371

BC I'5=0.21 -0.27

® CB I/5=0.21 -0.26
CD 3 7 0.391

ix /4=0.191 —0.24




d) Sum of fixed end moments:

XMgpg =20+ 33.6 =53.6 kNm
2Mpe—=93.6 =40 = 53.6 kNm

¢) [teration process:

Joint B C
Rotation , . M., (kNm) | M_. (kNm
: e Mg, (kNm) | Mg (KNm) w! ) i ;
Contribution ‘
Rotation factor —0.23 | -0.27 -0.26 | -0.24
Iteration 1 —0.23 x (53.6 +| —0.27x(53.6 + —0.26x(53.6 — | —0.24 (53.6 — 14.47)
(Started at B b T
SRR ArB Y | 04+ 0)=—12.33 | 0r0= 1447 14.47+0)=—10.17 | 10.96=-9.39
taking M ,, =0
and assuming
M;=0
Iteration 2 —0.23 (53.6 — | _097(53.6 _1017) —0.26 (53.6 —11.73) [ —0.24 (53.6 —11.73)
10.17) =-10.00 | =-11.73 =—10.89 [ =—10.05
Tteration 3 -0.23 —0.26 (53.6 -11.53) | =0.24 (53.6 —11.53)
: —-0.27 (53.6 —10.89)
(53.6—10.89) =-10.94 | =10.10
=143
=-9.82
Iteration 4 —0.23 (53.6 —0.26 (53.6 —11.52) | -0.24 (53.6 —11.52)
~0.27 (53.6 —10.94) )
—10.94) =—-1094 | =-10.1
=-11.52
=-9.8l1

Iteration process has been stopped after fourth cycle since rotation contribution values are
becoming almost constant. Values of FEMs, sum of fixed end moments, rotation factors
along with rotation contribution values after end of each cycle in appropriate places has
been shown in Fig. 7 (b).
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1) Final moments:

‘ Final moments
Member FEM Mg, 2M, (kNm) M! (kNm) | (=M, +2M; + M)
@ip) (kNm) : ‘ Nm)
m
AB - 100 0 -9.81 -109.81
BA 20 2 x (-9.81)=-19.62 0 +0.38
BC 33.6 2 %(-11.52)=-23.04 -10.94 —0.38
CB 93.6 2 x(-10.94)=-21.88 -11.52 60.2
CD —40 2 x(-10.1)=-20.2 0 —00.2
DC 0 0 0 0

ag

) BMD 1s shown below:
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ANALYSIS OF FRAMES WITH NO TRANSLATION OF JOINTS

The frames, in which lateral translations are prevented, are analyzed in the same way as continuous
beams. The lateral sway is prevented either due to symmetry of frame and loading or due to support
conditions. The procedure is illustrated in following example.

Example-5. Analyze the frame shown in Figure 8 (a) by Kani’s method. Draw BMD.
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Fig-8(a)
Solution:
(a) Fixed endmoments:

Mgag = Mia = Miecp = Mepe =0

- 40x6°
Mggc = — *ié’*" = -120kNm.

Mgcg = +120kNm.

(b) Rotationfactors:

Joint Member Relative Stiffness (k) | @k Rotation factor
=-%k/ B
B BC 31/6 =0.5l 0.831 -0.3
BA I/3=0.33l -0.2
C CB 31/6 =0.5l 0.831 -0.3
CcD 1/3=0.33I -0.2

(c) Sum of FEM:
IMes =-120+0=-120
ZMpc= 12040 =+120




(d) Iteration process:

Joint B C

Rotation M’sa M’sc M’cs M’co

Contribution

Rotation
-0.2 -0.3 -0.3 -0.2

Factor

Iteration 1 -0.2(-120+0) -0.3(-120+0) -0.2(120+36+0) -0.2(120+36+0)

Stated with =24 =36 =-46.8 =-31.2

end B taking

M’az=0 and

Assuming M’cg=0

Iteration 2 -0.2(-120-46.8) -0.3(-120-46.8) -0.3(120+50.04) [ -0.2(120+50.04)
=33.6 =50.04 =-51.01 =-34.01

Iteration 3 -0.2(-120-51.01) -0.3(-120-51.01) | -0.3(120+51.3) -0.2 (120+51.3)
=34.2 =51.3 =-51.39 =-34.26

Iteration 4 -0.2(-120-51.39) -0.3(-120-51.39) | -0.3(120+51.42) -0.2 (120+51.42)

=34.28

=51.42

=-51.43 =-34.28

The fixed end moments, sum of fixed and moments, rotation factors along with rotation

contribution values at the end of each cycle in appropriate places is shown in figure 8(b).

B c
al 120 120
—120 0.3
36 —4Es -0 120
50.04 -s1.01
-0.2 13 e —a.2.
0 Sl.42 =
33.5 =~ 34,01
242 ~34.24
2.8 —34. 28
i o
wﬁ::— MD“‘*

(e) Final moments:

Fig-8(b)




Member , (kNm) Final moment =
Mg 2M'jj(kNm) M’ji(kNm)
(ii) Meij+ 2M'ij+ M
AB 0 0 34.28 34.28
BA 0 2x34.28 0 68.56
BC -120 2x51.42 51.43 -68.59
CB 120 2 x(-51.43) 51.42 68.56
CcD 0 2 x(-34.28) 0 -68.56
DC 0 0 -34.28 -34.28
BMD is shown below in figure-8 (c)
m
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PART - B CABLES AND BRIDGES

BY USING THE SLOPE DEFLECTION METHOD

In the slope-deflection method, the relationship is established between moments at the
ends of the members and the corresponding rotations and displacements.

The slope-deflection method can be used to analyze statically determinate and
indeterminate beams and frames. In this method it is assumed that all deformations are
due to bending only. In other words deformations due to axial forces are neglected. In
the force method of analysis compatibility equations are written in terms of unknown
reactions. It must be noted that all the unknown reactions appear in each of the
compatibility equations making it difficult to solve resulting equations. The slope-
deflection equations are not that lengthy in comparison. The basic idea of the slope
deflection method is to write the equilibrium equations for each node in terms of the
deflections and rotations. Solve for the generalized displacements. Using moment-
displacement relations, moments are then known. The structure is thus reduced to a
determinate structure. The slope-deflection method was originally developed by
Heinrich Manderla and Otto Mohr for computing secondary stresses in trusses. The
method as used today was presented by G.A.Maney in 1915 for analyzing rigid jointed
structures.

FUNDAMENTAL SLOPE-DEFLECTION EQUATIONS:

The slope deflection method is so named as it relates the unknown slopes and
deflections to the applied load on a structure. In order to develop general form
of slope deflection equations, we will consider the typical span AB of a continuous
beam which is subjected to arbitrary loading and has a constant El. We wish to relate
the beams internal end moments in terms of its three degrees of freedom. namely
its angular displacements and linear displacement which could be caused by relative
settlements between the supports. Since we will be developing a formula, moments and
angular displacements will be considered positive, when they act clockwise on the
span. The linear displacement will be considered positive since this displacement
causes the chord of the span and the span’s chord angle to rotate clockwise. The slope
deflection equations can be obtained by using principle of superposition by considering
separatelythemomentsdevelopedateachsupportsduetoeachofthedisplacements

0,& 65 & Aiand then the load.



FEl 1s constant
positive sign convention

Case A: fixed-end moments

MAB - FEMAB. MBA =FEMBA
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Case B: rotation at A, (angular displacement at A)

Consider node A of the member as shown in figure to rotate while its far end B is fixed. To
determine the moment needed to cause the displacement, we will use conjugate beam

method. The end shear at A acts downwards on the beam since is clockwise.

A A A
' A M,
T A A A i
¢+ | T L - { B
A S | 'l' 8= P R |
P s iy V)] 12 I M
M \B Y'Yy Yyl \ | : //1' | M,
1 v v
A —YM4,  Opl ~~_ B
\ 7/ l— ------ “—— — —_— - «F\l"‘l o 1
! | 2= 8y
(b)
A I !

=0, [ s

2: El 3 2

£ 1 Mga L 1 Mga 2L _
IMy =0, [FErL]3- LS+ eal =0

4El 2El
Mpp = 85 Mgy =6,

Case C: rotationatB, (angular displacement atB)

In a similar manner if the end B of the beam rotates to its final position. while end A is held
fixed. We can relate the applied moment to the angular displacement and the reaction moment

2Kl 4E1
Mag = ——8g, Mgs =—6p

Case D: displacement of end B related to end A

If the far node B of the member is displaced relative to A so that so that the chord of the
member rotates clockwise (positive displacement) .The moment M can be related to
displacement by using conjugate beam method. The conjugate beam is free at both the ends
as the real beam is fixed supported. Due to displacement of the real beam at B, the momentat



N N

the end B of the conjugate beam must have a magnitude of .Summing moments about B we
have,

conjugate beam

(b)
b i s ab-2N A
ZMp =0, [2L~‘1(L)]3 [ZEl(L)]3 A=0
Mpp = Mgy =M= -%;A

By our sign convention the induced moment is negative, since for equilibrium it acts counter
clockwise on the member.

[f the end moments due to the loadings and each displacements are added together, then
the resultant moments at the ends can be writtenas,

2El 3A
MAB = T[ZGA = ) 6[5 —T] ) = FEMAB

2El 3A
Mpa = T[ZBB + 6, —T] + FEMpgyu



FIXED END MOMENT TABLE
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GENERAL PROCEDURE OF SLOPE-DEFLECTION METHOD

Find the fixed end moments of each span (both ends left &right).

Apply the slope deflection equation on each span & identify the unknowns.
Write down the joint equilibrium equations.

Solve the equilibrium equations to get the unknown rotation & deflections.

Determine the end moments and then treat cach span as simply supported
beam subjected to given load & end moments so we can work out the
reactions & draw thcﬁacndmg moment & shear force diagram.

Numerical Examples

1. Q. Analyze two span continuous beam ABC by slope deflection method. Then
draw Bending moment & Shear force diagram. Take Elconstant.

100 KN
=20 BN/m
=3 /— o
A 4 N TN TN TN e T
2 L =m m o

Fixed end moments are

Wab? 100 x 4 x 2°

Mup- — T = =z = —44.44 KNm
Wa’b 100 x 4% x 2
BA= 7 = z = 88.89KNm
wl? 20 X:5% )
BC= T =— 2 = —41.67KNm
wlL? 20 % 52 .
CB= 5 = T s m

Since A is fixed ©4, =0&603& 6, #0

82



Slope deflection equations are

2EI _ 2EI El
N’AB = MFAB +T[ZUA + HB] = —4444 + ?UB = —44.44 + -3-68 """ (1)
2El- : 4EI 2EI
Mgs =Mpgs +——[205 + 0,] = 8889+ —0; = 8889+ —05 -~ (2)
2El . _ 4EI 2El
MBC - MFBC +T[ZUB + 6(_] = —4167 + ?UB +T9L """ (3)
2El 4EIl 2EI
MCB - h’ipcg +T[26C + GB] = 4167 + ?ﬂc +?BB """" (4)
8,8 6,

In all the above 4 equations there are only2unknowns and accordinglythe

boundary

conditions are

MBA g MBC =0
Mcp = 0 as end C is simply supported.

Solving the equations (5) & (6), we get

2083
& El

4167
c .— El

Substituting the values in the slope deflections we have.

Map = —4444 + 'L;l' (— — )=-51.38 KNm
2E1 20.83
Mg, = 88.89 + == (—Z2) = 75 KNm

20.83)

Mpc = —41.67 + 2 (- Z2) + 2 (- £25) = —75KNm

Il

El 5 El
- 4El; 41.67 +zm( 20.83)_
B == 5 (‘ El ) 5\ El /

Reactions: Consider the free body diagram of the beam

100 kro

Hr3S 2O RNfmM
e

2 b me o B S0
T Tt T

PR m TG bt b Fp= 70604, R EShni on BS KN,
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Find reactions using equations of equilibrium.

Span AB: Ma =0 . Rpx6 = 100x4+75-51.38
Rp =70.60 KN
V =0, Ra+Rp =100KN
Ra = 100-70.60=29.40 KN
Span BC: M =0, Rgx5 =20x5x +75
Rp =65 KN
V=0 Rp+R¢c =20x5 = 100KN
Rc = 100-65 = 35 KN

Using these data BM and SF diagram can be drawn

700 kx
AL . BW‘ ea
- ey w7 R
K3 s &
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E5.00 KN

1" 7S m
29./0 kN +————,}—

3S.00kN

70~60 kN

Max BM:

Span AB: Max BM in span AB occurs under point load and can be found
geometrically,

Mua=113.33-51.38 — (75—51.33

6

) X 4 = 46.20KNm

Span BC: Max BM in span BC occurs where shear force is zero or changes its sign.
Henceconsider SF equation w.r.t C

S, =35-20x=0
X = ==1.75m
20

Max BM occurs at 1.75m
from

- Minax = 35 % 175 — 20% 22 = 30.625 KN
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2. Q. Analyze continuous beam ABCD by slope deflection method and thendraw
bending moment diagram. Take Elconstant.

100 =& — Ok
l s ke fra l
F=3 &
e % TSN TN NN -
e, Ly rn & 2 rn & S orn o S
L4 7 rd 7

By =0&6&0, £0

Wabz_ 100 x 4 x 22

Mag= — T = = —44.44 KNm
Wa’b 100 x 4% x 2
BA= 7= = = 88.89KNm
M L A R 41.67KN
T A e
wk® 20 x 5% St
CB= 12 = 12 = . m
Mcp = —20 X 1.5 = —30 KNm
Slope deflection equations are
2El 2El El
MAB - MI"AB +T[29A + BB] = _4‘4.44+ TGB - _44.44+ ?OB """ (1)
2El 4El 2El
Mga = Mgga +T[293 + 08,] = 88.89 + ?93 = 88.89 + TBB """ (2)
2El 4E] 2El
MBC — Mygc'*'T[zeB'*‘ GL] = —41.67 + TGB '*‘Te(_ (3)
2El 4El 2El
MCB - MFCB +'L—[29L + BB] = 41.67 + —5'6(_ +?BB """ (4)
Mep = —20 x1.5= —30KNm
In all the above equations there are only 2 unknowns and accordingly the boundary

conditions are
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MBA Ly A’BC - 0

M+ M, =0

Mgs + Mgc = 88.89 +=6, — 41.67 + —8, +ﬁiec = 47.22 + =El6; +=EIf; =0
El El 2E W . (5)

Mg+ My = 4167+ 0.+ =0, —30 = 1167+ 85 +—0. =0  ---- (6)

Solving equations (5) & (6).

32 67

05 “EI
1.75

C=—

El

Substituting the values in the slope deflections we have,

Map = —4444 + = x (= =Z)=-61 KNm
Mga = 88.89 + = x (- =) = 67.11KNm

Mge = —41.67 + 4—';'(- =) +2(22) = —67.11KNm

El 5 \ ElI
o g 4 1.75)+251 32,67\ _ o
CR =5 s(m 5(‘ El)“ R
M. = —30KNm
100 KN 2O KN
l — O KNy l
2 =
T8 2 o

G\ (o 7] 671 30 30

Reactions: Consider free body diagram of beam AB, BC and CD as shown
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S7.42 Ky

22,3 KN 2/3m .
l : 2.0 kN
iR SED
+
_r-
100|kN L2 SBKA 20 KN
20K [m =
A il '\‘—'5'6(:{ 2 D
N A 20
& ,
f &Y 1) [ Re=20kw
B R~ &T.GYi : :
RAT 1_;«.7)\ Ka ‘p} CTe GV Qr2'3 [.;.{ G2 Key Q = LS5
2 i
100 kW 20 KN

Span AB:
Ry X6 =100X 4+ 067.11-01I
Rp=67.09KN
R =100- Ry =32.31 KN
Span BC:
Re X5=20 x% X 5+ 30-067.11
R =42.58 KN

Ry =20 X 5- R¢ = 57.42KN
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Maximum Bending Moments:

Span AB: Occurs under point load

T % 4 = 68.26KNm

Muuy=133.33 — 61 —

6

Span BC: Where SF=0. consider SF equation with C as reference

S, =42.58-20x =0
X =-4-2,'033- = 2.13m

2132

M= 42.58 x 2.13 — 20 K= 30 = 15.26KNm

3. Q. Analyse the continuous beam ABCD shown in figure by slope deflectionmethod.
3 6
The support B sinks by 15mm.Take E =200 10 KN/m2 and 1=12010 (jm:Ir

/OO KN 20 KN

Ai | e e |

A 2rn Sm i .
4}
A B, =0&05&6,. #0A=15mm
Wab? 100 x 4 x 22
Myp- — - o = = —4444 KNm
Wa*b 100 x 4% x 2
Maa= =77 = 5 = 88.89KNm
wl? 20X 5% ——
BC= T A : m
wl? 20 X 5% 5
CB = 12 - 12 = . m

M= =20 X1.5= =30 KNm

FEM due to yield of support B
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A = re B4 L= o8
S, -1 ; -
cEIE i 4 5
v y /] serd
£ ==
For span AB:
e . BB _bv-cZOO.\lOS'-cl?.OxlO"’ 315 ),
.‘\‘I,\B = :\dn,\ 12 A= P oD 6KNm
For span BC:
— AL :G_Fi . 6x200x10%x120x107% 15 -
Mg =Mceg T A = e 8.64KNm

Slope deflection equations are

2E1 A El El
MAB — MFAB +T[29A + 68 = 3g] - _44.44 + ?98 = 6 -= _‘50.44 +?93 """ (1)

2E1 A 2El 2El
Mgi = Mggy +T[293 + 64— 33] = 88.89 + TBB —6=182.89 +—3—93 ------ (2)
2EI A 4E] 2E1
MBC = MFBC +?[293 + 9(_- + 33] = —41.67 + TGB +T9C + 8.64
4E1 2El
= —33.03 +T93 + T'HC ...... (3)
2EI A 4E1 2E1
MCB == MFCB +T[29C " 93 + 33] = 41.67 + ?BC +?93 " 8.64
4E1 2EI
= 50.31 +'5—9C +'5—93 """ (4)
M= —20 X15= —30KNm
In all the above equations there are only2unknowns and accordinglythe
boundary

conditions are

Mep + Mcp =0

Mg + Mpc = 82.89 + =8, — 33.03 +—8 +—6, = 49.86 + —Elf; +=EI6; = 0
...... (5)
Mcy+ Mgy = 5031+ 226, +2=6, —30 = 2031 + 226, + =0, =0 - (6)
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Solving equations (5) & (6),

31.35

Op = — w—m
g El
9.71

¥,
g El

Substituting the values in the slope deflections we have,

5044 + E x (— ﬂ)z -60.89 KNm
3 El

Mg

My, = 8289+ 2= x (—22) = 61.99KNm

My = —33.03 + (- =) + Z( =2) = —61.99KNm
Mcg = 5031+ 2Z( — )+f§(— 3%) = 30KNm
Mqp, = —30KNm

- . 20k
— m
Y Ve A 6%%/‘\%& s i D
g\ 2 B W “ o™
0. 69 Gi-9q 61+39 320 30

Consider the free body diagram of continuous beam for finding reactions

{20 KN
699 qzokﬂlmﬁé c o 20

60e8q @199
1&
i "
o5 BTk [ 2B s 1
" Regynbo .
S

e
Ry 3395 kel R CE-FSup "

REACTIONS

Span AB:
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Ry X6 =100X 4+ 61.99-60.89
Rg= 060.85KN

Ra=100- Rg =33.15 KN
Span BC:

Ry X 5=20 x-j- X5+ 61.99 — 30

Ry =50.40 KN

Rc=20 X 5- Rg=43.00KN

/OO0 &N

20 KN B
- » -
A AL - 4 oy £ i D
ﬂ‘n 2 b R, 2 L
0.8 Gle39 6199 30 30
/[\ &l-a9
089 o 8

BZTAS K PR an e
| 5 \
g - \\\ . KN
e
7
—=
4360 .,

Ll B E rgady

< F B
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ANALYSIS OF FRAMES (WITHOUT & WITH SWAY)

The side movement of the end of a column in a frame is called sway. Sway can be
prevented by unyielding supports provided at the beam level as well as geometric or
load symmetry about vertical axis.

o g
. ; 3
l I"
/ g
!
' 1’
" ’
> &
') 4
; i
FrYIrTTe ]mlil'-f%
Frame with sway
FEIEET FrEeEETn

Sway prevented by unyielding support

4. Q. Analyse the simple frame shown in figure. End A is fixed and ends B & Care
hinged. Draw the bending momentdiagram.

I 220 s~ e PN Sy
& } AR <l
o, ==
4 — = T I%
2.
-+ =owme | o
2
_41.4 'TV ’9 A qu : ‘1{_.—
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MBA + MBC +MBD =0

Mgz =0
MDB = 0 .
Mgy + Mac +Mgp = 5333+ =6, — 26.67 +—6, +37“9c +10 + Elfg + =8, =
36.66 + —El6 +=Elo. +=8,=0 e 7
Mep =2667+ =6, +—8;=0 e (8)
Mps == —10+El8,+Z8;, =0 e (9)
Mpr— — 12 -2 12 — TLU.USANIVIL
i wl? 20 x 42 S TR
CB = 12 o 12 — 3 m
M wL 20%x 4 -
B e e S (3 e R m
DB 8 8
wlL 20x4
Mg, = AT 10 KNm

Slope dellection equations are

2E(21)

2E1
MAB - MFAE +T[29A + BE] = —106.67 + 95
2EI
= —106.67 + TBB ...... (1)
2El 2E(21) 4EI
MBA - MFBA +T[293 + 0/1] = 53.33 + 293 = 53.33 + TGB """ (2)
2E1 3EI 3E1
MBC = MFBC +T[263 o o GC] = —26.67 + TBH +‘TBC """ (3)
2E1 3EI 3E1
MCB = MFCB +T[29C + 9’3] - 26.67 + Tgc +TBB """ (4‘)
2E1 2E1 2E1
MBD = MFBD +T[298 + BD] = 10 + TZBB +TBD
El
= 10+E163 +790 """ (5)
2E1 2E1 2E1
MDB = MFDB +T’[290 + 65} =—10+ TZBD +TGB
El
=—10+EIBD +T96 ...... (6)

In all the above equations there are only 3 unknowns and accordingly the boundary
conditions are

Solving equations (7) & (8) & (9).

8.83
B = — e———

El
1336

. El
14414
DRl
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Substituting the values in the slope dellections we have,

; 2
Mz = —106.67 +§(—8.83) = —112.56KNm
4
Mg, = 53.33 +§(—8.83) = 41.56KNm
3 3
Mg, = —26.67 + E(—8.83) i (—13.36) = —49.94KNm

3 3
Mcp = 26.67 +§(_13'36) +Z(—8.83) =0

1
Myp = 10 — 8.83 +=(14.414) = B38BKNm

1,
Mpp = ~10 +=(~883) + (14414) = 0

l F R peny £p]-S 6 o é{'uﬁrﬂf’{_- 2O Moy
a &/ h\ —*»Ar—n-’—\/ﬁ-——\m <
\’_ . = 5&. '—sz"
Fio-=C, " \W -
2328
T2 ISA
REACTIONS:
0D
SPAN AB: s
4156 —-11256+120 x 2
By - = 28.17KN

SPAN BC:

4994 +20x4x2
RB= 4

= 52.485KN

Re = 20 X 4 — Ry = 27.515KN

Column BD:
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_ 20x2-838

b= - = 7.92KN

Hp = 12.78KN

/IQ'SG/E\
E ‘n

= M D
i K~ o

Analyse the portal frame and then draw the bending momentdiagram

20 ey

A
»’7?;:77' 2
-

Lem

A. This is a symmetrical frame and unsymmetrically loaded, thus it is an
unsymmetrical problem and there is a sway .assume sway toright
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BA =0!9D =0'98 10,95 :tO

FEMS:
wab? 80 x 5x 37
BC= "z - T @ —56.25KNm
wa’h 80 x 3 x 5%
= "Tr= Y = 93.75 KNm

Slope deflection equations are

2E1 A 2EI A
MAB =MFAB +_[29A+ 93—3—]= 0+_(0+98—3_)
L L 4 L
_El_ 3EIA

= Bg = e (’1)

2E1 A
MBA — MFBA +T[293 -+ 9,1 e BZ]

=0+ 2 20, +0 3A = EIf 3E1A (2)
=0+ (265 +0-33) =Bl -Zra e
2E1 2E1
MBC — MFBC +T[293 A Gcl = —56.25 + _8"(263 + 9(_')
El El
= _56.25 +?93 +TGC ...... (3)
2EI 2EIl
MCB = MFCB +T[29C + 93] = 9375 + ?[ZBC + 93]
El El ;
=9375+—8+—8; e @)
2 4
Mo =M +?‘E’[29 +8 3A]—o+2E’(29 +0 3A)
cp — "MFcp L C D L - 4 c L
3EIA
= o s (5)

2El A
MDC = MFDC +T[290 + BC - 32]

A) El 3EI

—0+ZE’(0+9 =)= A (6)
=0 (048 35) =50~

In the above equation there are three unknowns, 85, 8,-& A,accordingly the boundary
conditions arejoint conditions, My, + My = 0. M.z, + M, =0
shear condition, H, + Hp + P, = 0, M:M“ el :M”C =0

“Myp + Mgy + Mg, +Mpe =0
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Now, Mgs + Mgc = Elf; —==A—56.25 + =05 + =6 =-50.25+= 0= —

3E1

e )
Mo +Mep = 9375+ 50, + 20,4 B9, — 2 _ 9375 4 Elg, 4 24 368 _
¢ e (8)

3El 3E1 3El
—8,+—8. ——A=0
2 2 2

~ElA= El6g+EI6, e 9)

Substitute in (7) & (8), equation (9),

5625+ 0+ B — = (8 + 0c) = 0
-50.25+"T'“93-% g8 om (10)

93.75+= 8y +—8c —— (8 +8¢) = 0

93.75--';;-’eg+%5lec o (11)
Solving equations (10) & (11), we get
4125
8T El
By equation (10),
9EI 9
El6. =8 [—56.25 +TBB] =8 [—56.25 +§(41.25) = —78.75
2 —78.75
e
EIA= ElBy + EI6,=41.25 - 78.75 = —37.5
=375
»

Substituting these values in slope deflection equation. we have,

1 3
M5 = =(41.25) — = (=37.5) = 34.69KNm
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< 5 :
Mg, = 41.25 —§(—37.5) = 55.31KNm
: 1 _
M. = —56.25 +§(41.25) +Z(—-78.75) = —55.31KNm

1 1 ,
Mgy = 93.75 +=(~78.75) + - (41.25) = 64.69KNm

3
My, =—=78.75 —§(—37.5) = —64.69KNm

1 3
Mpc == (~7875) — =(~37.5) = ~25.31KNm

&

S0 kn
55
7 %
/'}\ a°
cu-ca € |
25.72
N4 zuecq y
L7777 Woras

Reactions: consider the free body diagram of beam and columns

Column AB:

_ 34.69 + 55.31

= 22.5KN
4 4

Span BC:

55.31 —64.69 + 80 x 3

R.=80—R, =5117KN

Column CD:
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64.69 + 25.31
= = 22.5KN

Hp = 2
Check:
ZH=0,H,+Hp=0,225-22.5=0
Hence okay

88 .- 83-
S s
it b ’ \ eh-69
// | .
\?_\_ 150 —

6. Q. Frame ABCD is subjected to a horizontal force of 20 KN at joint C as
shown in figure. Analyse and draw bending moment diagram.

lQOKu
£ c
=
5 2T
Y
:
S 1 Lm
Al D
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The frame is symmetrical but loading is unsymmetrical. Hence there is a sway,
assume sway towards right. In this problem

FEMS

wl? 10 x 42

Mgag- —-?= BT —13.33KNm
wlZ 10 x 42

Mgga = 2 = T = 13.33 KNm

wL 90 x 10

Mgge = —?= -—T= —112.5KNm

Mpcg - == ==——=112.5KNm

Slope deflection equations:

2E1 A 2EI A
Mg = Mg +——| 268 + 05 - 3I] =335+ T(O T 3—)

4
- EIe 3EIA 1
=13 +? e I (

2El A
MBA e MFBA +T[ZGB " OA = 3E]

= 13:33
2El A 3EIl
+T(29“+O—3Z)= 1333+ Elog—=—4 e )
2El 2E31
MBC - Nipgc +—L—[293 + 6(.] = —1125+ —1—0—'(298 + GC)
6El 3EI
=-—1125 +?93 +T9C ...... (3)
2El 2E3I
MCB = Nipcg +T[29C + 93] — 1125 + T[ZBC + GB]
6El 3El
=-112:5 +?6C +T93 ...... (4)
Mep =M +2E'[ze +0 3A]—0+2El(29 +0 3A)
' - Ol FCD L C D L -3 4 C 4
~ Bi6 3EIA )
— C — 8 en s
2El A
MDC =MFDC +T[29D+ e(_'—3t]
—O+2El(0+9 3A)_Ele 3E|A &
IR 1 S VA b
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In the above equation there are three unknowns, 85, 8,.& A, accordingly the boundary
conditions are,
Joint conditions, Mgs + Mge =0, M¢eg + Mep =0
Shear condition, Hy +Hp+3Y¥Py=0. Hy+Hp +40=10
HoaX4= Mpg + Mgy — 10X 4 %=

MAB + MBA — 80
AT 1

HDX4=MCD+ MUC

Mcp + Mpe
H[)= cD DC

4
. Map + Mas —80  Mep + Mnc
h 4 4
MAB - & ]\'18.‘\ +MCD > MDL' +80=0

+40=0

Now, NlBA + MBC =0
3EI 6EI 3EI
13.33 4+ Elfg —=—A — 112.5 + =—=0g + =0, = 0
8 5 5
2.2El8g + 0.6EI8: —0.375EIA—-99.17=0 e (7)
MCB ¥ MCD =0
6EI 3El 3EIA
112.5+— 8¢ +—0y + ElBc ———=0
112.5+2.2 EI8+0.6El8g —0.375ElIA=0 e (8)
MAB + MBA T MCD T MDC +80=0
13 33+E19 3EIA+ 13.33 + ElI8 3E[A+ EIB 3EIA+ EIG BEIA+80 =0
= 22 g : 878 €8 2% 8 a
1.5EI8g + 1.5E0: —1.5EIA+80=0 e (9)

Solving equations (7), (8)& (9)

3 _ 72,65
BBl
o 59.64
c  EI
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_ 6634

El

Substituting these values in slope deflection equation, we have,

1 3
Mys = —13.33 +(72.65) ~=(66.34) = —1.88KNm
3
My = 72.65 — 5(66.34) = 61.10KNm
6 3
Myc = —112.5 +7 (72.65) +7(~59.64) = —61.10KNm

6 3
Mcp = 1125 +2(~59.64) +=(72.65) = 84.52KNm

3
Mqp = —59.64 —5(66.34) = —84.52KNm

1 3
Mpc ==(~59.64) ~=(66.34) = ~54.70KNm

LCIORN

23 Y i . U,
f " x
=4l ElpeS2
| jC y
/«)
£
R
X
0
~
IRE Shelo
: N
177777

Reactions: Consider the free body diagram of various members

Member AB:
61.10—1.88—-10x4 x2
Hy = = —5.195 KN
4
Span BC: o=
" A 1 <, N
SRR | — | 2452
8452 —61.10+90 x5 peleg ‘
¢ = = 47.34 KN s e
10 —
Rg = 90 — R = 38.34KN
Column CD:
84.52 + 54.7 -
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Analyse the portal frame and draw theB.M.D.

QOKNIM
;rae’ r‘(:c”\m =
= & —r
3Am
1 A 1 LFM}
7["*‘777'/ -
TIF7 D*i

0, =0,0pb=0,0=0,0,%0 J
£1

A. It is an unsymmetrical problem, hence there is a sway be towards right.

FEMS:
Mgap= Mpga = 0= Mgep= Mgpe
wlL? 20 x 52
Mpge = s = —41.67KNm
wl? 20 x 52 p
FCB= 5 T 41.67KNm

Slope deflection equations:

2EI[ Al 2EI A
Mag = Mgag +T[2t)A e s 3'[] = T(O = 3—)

3
_ 2Bl 2EIA
=3 03
2E] A
Mga = Mgga +T[293 + 05— 3?]
= -22(20B +0— 35) Ay I,
3 3/ 3 3
Mgc = Mgge +$[20B + Oc] = —41.67 + 2E+'5)l(20B +0c)
B
5 5
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2EI 2E(1.5)1
MCB - MFCB +T[26C T 93] = 41.67 + T[ZBC + OB]

6E1  3EI
= 41.67 +—5—'9c +—S—GB ...... (4)
2EI
Mcp = Micp +T[2eC +6,—37[= 0+ T(zeC +0— 3;)
3EIA
...... (5)

2El A
MDC = MFDC +T[29[)+ GC——31—J
El 3EI

—0+2E[(0+e 3A)— 8 A 6)
= TR T (

In the above equation there are three unknowns, 8, 8-& A, accordingly the boundary

conditions are,
Joint conditions, Mgy + Mg =0, Mg+ M, =0
o n M M M M
Shear condition, H, + H, =0, - ”B; BA 4 —CD” PE 4 A0=0

4(Myg + Mpy) +3(Mep + Mpc) =0

NO\N. MBA ) MBC =0
4E19 ZEIA 4167+6E[9 +3E19 ~0
Ekal S SR g s

2El

2.53E16, + 0.6EI6, ——A —41.67 = 0
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Mg+ M, =0

6E1 3EI 3EIA
41.67+—§—95 +—§—93+EIHC— =

41.67+2.2 EI6+0.6E16, —0.375 EIA=0 e (8)

4(Myp + Mgy ) +3(Mep + Mpe ) =0

(251 2E18 | 4EI 261 A) iy, D Hl, SEL
3 BTTg3 T3 78T c 5 le—mg-B)=
8EIf, +45EI6, —753EIA=0 e (9)

Solving equations (7), (8)& (9)

2546
BT El

—-23.17
9 —

12.8
El

Substituting these values in slope deflection equation, we have,

2 2
Map =5(25.46) — = (12.8) = 8.44KNm

4 ) 2

Mga = 5(25.46) - 5(12.8) = 25.4KNm
6 3

Mpc = —41.67 +  (25.46) +2(~23.17) = —25.4KNm

6 3
Mcg = 41.67 +2 (~23.17) + £ (20.46) = 28.5KNm

3
Mcp = ~23.17 — = (12.8) = —28.5KNm

1 3
Mpc = (~23.17) —=(12.8) = ~16.65KNm
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25 Lo 2 O KN
& »’“sNV‘r%) c
Nay e
“Tx QQ.";D(“\
AK‘) B By
777 1e-CS \g
V7 B

Reactions: Consider the free body diagram

O WKWy 2 S

25+ Q0O = S

*- N T %
R,
2 (Lc
i DS L 40 AT
25
5 ) By
Ha “o“’x‘\,fb
=2, ’rﬁ_‘HD
R
Member AB:
254 + 8.44
Hy = — = 11.28 KN
i
: o =
Span BC: Fe i -
150
28.5 — 254+20x5x7 M r ! \ 2880
Re = =51.64KN e i
5 — c2-5 -
Ry = 20 X 5 —51.64 = 48.36KN
Column g% A
+ 16.65
Hp = = 11.28KN = Sl ly
/68 +l
Check: _ = VD
IH=0,H, +H,=0 Satisfied, hence okay o s

M.Venkatesh Reddy, Assistant Professor, CE



